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Abstract
1.	 Mountain	pine	beetles	(MPB,	Dendroctonus ponderosae	Hopkins)	are	aggressive	in-
sects	attacking	Pinus	host	trees.	Pines	use	defensive	resin	to	overwhelm	attackers,	
creating	an	Allee	effect	requiring	beetles	to	attack	en	masse	to	successfully	repro-
duce.	MPB	kill	hosts,	leaving	observable,	dying	trees	with	red	needles.	Landscape	
patterns	of	infestation	depend	on	MPB	dispersal,	which	decreases	with	host	den-
sity.	Away	from	contiguously	impacted	patches	(low	beetle	densities),	infestations	
are	characterized	by	apparently	random	spots	(of	1–10	trees).

2.	 It	remains	unclear	whether	the	new	spots	are	spatially	random	eruptions	of	a	locally	
endemic	population	or	a	mode	of	MPB	spread,	with	spatial	distribution	determined	
by	beetle	motility	and	the	need	to	overcome	the	Allee	effect.

3.	 To	discriminate	between	the	hypothesis	of	population	spread	versus	independent	
eruption,	a	model	of	spot	formation	by	dispersing	beetles	facing	a	local	Allee	effect	
is	derived.	The	model	gives	 rise	 to	an	 inverse	power	distribution	of	 travel	 times	
from	existing	outbreaks.	Using	 landscape-level	host	density	maps	 in	 three	study	
areas,	 an	 independently	 calibrated	model	 of	 landscape	 resistance	 depending	 on	
host	density,	and	aerial	detection	surveys,	we	calculated	yearly	maps	of	travel	time	
to	previous	beetle	 impact.	 Isolated	beetle	 spots	were	 sorted	by	 travel	 time	 and	
compared	with	predictions.	Random	eruption	of	locally	endemic	populations	was	
tested	using	artificially	seeded	spots.	We	also	evaluated	the	relationship	between	
number	of	new	spots	and	length	of	the	perimeter	of	previously	infested	areas.

4.	 Spot	distributions	conformed	strongly	to	predicted	power-law	behaviour.	The	spa-
tially	random	eruption	hypothesis	was	found	to	be	highly	improbable.	Spot	num-
bers	grew	consistently	with	perimeter	of	previously	infested	area,	suggesting	that	
MPB	spread	long	distances	from	infestation	boundaries	via	spots	following	an	in-
verse	power	distribution.

5.	 The	Allee	effect	 in	MPB	therefore	accelerates,	 rather	 than	 limits,	 invasion	 rates,	
contributing	 to	 recent	 widespread	 landscape-scale	 mortality	 in	 western	 North	
America.
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1  | INTRODUCTION

The	Allee	effect	is	the	accelerating	impact	of	conspecific	numbers/
densities	 on	 some	 aspect	 of	 fitness	 for	 small	 populations	 (Allee,	
1931).	At	 the	 level	of	populations,	 a	 “demographic”	Allee	effect	 is	
the	positive	density	dependence	of	population	growth	rate	as	pop-
ulation	 size	 grows	 from	 zero	 (Stephens,	 Sutherland,	&	 Freckleton,	
1999).	 Small	 populations	 experience	Allee	 effects	 through	 several	
governing	interactions	that	affect	individual	fitness,	including	group	
foraging,	defence	against	predators	and	mate	finding	(Lande,	1998).	
A	 “strong”	Allee	effect	occurs	when	growth	 rates	are	negative	 for	
populations	 below	 a	 critical	 threshold	 (Wang	 &	 Kot,	 2001).	 Allee	
effects	are	common	across	the	animal	kingdom	and	also	appear	fre-
quently	in	other	organisms	(Taylor	&	Hastings,	2005	and	references	
therein).

Allee	 effects	 are	 often	 associated	with	 “patchy”	 spread	 or	 in-
vasion	 (Morozov,	 Petrovskii,	 &	 Li,	 2006;	 Petrovskii,	 Morozov,	 &	
Venturino,	2002).	Patchiness	can	be	an	emergent,	passive	response	
to	heterogeneity	of	space	and/or	stochasticity	of	dispersal.	For	ex-
ample,	genetic	diversity	of	Spartina alterniflora	clumps	in	Pacific	es-
tuaries	 improves	 seed	production	 in	 plants	 through	hybrid	vigour,	
and	 consequently	 occasional	 accidents	 of	 dispersal	 create	 diverse	
clumps	with	much	higher	 reproduction	 rates	 than	 individuals,	 cre-
ating	 an	Allee	 effect	 (Taylor,	 Davis,	 Civille,	 Grevstad,	 &	 Hastings,	
2004).	Patchiness	can	also	develop	due	to	the	growth	of	 instabili-
ties	and	subsequent	filtering	by	the	Allee	effect	(Wang,	Shi,	&	Wei,	
2011),	a	mechanism	which	also	depends	on	passive	dispersal.	Gypsy	
moths	(Lymantria dispar)	spread	by	stratified	dispersal	(i.e.	short-	and	
long-distance	dispersal	occur	via	different	processes,	with	separate	
dispersal	 kernels),	 establishing	 stable,	 isolated	 patches	 only	 after	
episodic	long-distance	dispersal	events	that	survive	the	subsequent	
Allee	gauntlet	(Sharov	&	Liebhold,	1998).	Environmental	heteroge-
neity	can	lead	to	localized	populations	exceeding	the	Allee	thresh-
old,	such	as	in	patches	of	favourable	habitat	where	the	Allee	effect	
is	locally	reduced.	In	all	of	these	cases,	patchy	spread	is	created	by	
passive	 dispersal,	 and	 the	Allee	 threshold	 is	 exceeded	 indiscrimi-
nately,	 resulting	 in	patch	establishment.	As	more	patches	 are	 cre-
ated	 they	 coalesce	 and	 become	 a	 source	 population	 (Liebhold	 &	
Tobin,	2008).

Species	facing	strong	Allee	effects	will	adapt	to	overcome	them.	
Allee	 (1931)	himself	 recognized	that	aggregation	was	the	primary	
mechanism	 by	 which	 species	 increase	 survival	 rates	 and	 argued	
that	only	in	the	simplest	organisms	would	aggregation	be	happen-
stance.	Except	 in	 rare,	 small,	well-mixed	systems,	populations	are	
likely	to	have	active	dispersal	adaptations	for	aggregating	 individ-
uals.	 Understanding	 the	 population-level	 expression	 of	 the	 Allee	
effect	 will	 require	 understanding	 the	 aggregation	 mechanisms.	
Example	 mechanisms	 include	 habitat	 selection	 in	 heterogeneous	
environments	(Greene,	2003),	congregation	via	density-dependent	
dispersal	 (Turchin,	1989)	and	pheromone	responses	 in	arthropods	
(Wertheim,	 van	 Baalen,	 Dicke,	 &	 Vet,	 2005).	 Aggregations	 that	
result	 from	 active	 dispersal	 at	 low	population	 densities	will	 draw	
down	surrounding	populations	and	lead	to	spatial	trade-offs	which	

may	be	expressed	 independently	from	those	occurring	as	a	result	
of	 landscape	heterogeneity.	Moreover,	when	the	 landscape	offers	
varying	resistance	to	movement,	aggregation	should	be	more	likely	
in	patches	that	are	easier	to	access	or	cause	bottlenecks	to	other-
wise	 fluid	movement.	 Thus,	 patterns	 of	 patchy	 spread	 in	 species	
actively	aggregating	 to	overcome	Allee	effects	could	be	markedly	
	different	than	in	species	with	indiscriminate	patch	creation.

The	 mountain	 pine	 beetle	 (MPB,	 Dendroctonus ponderosae 
Hopkins)	 provides	 an	 excellent	 opportunity	 to	 study	 active	 patch	
formation	in	a	species	facing	an	Allee	effect.	MPB	is	an	economically	
and	 ecologically	 important	 native	 species	 that	 has	 caused	 signifi-
cant	mortality	in	Pinus	forests	across	the	western	United	States	and	
Canada	 (Meddens,	Hicke,	&	Ferguson,	2012).	Due	to	 its	economic	
impact,	 there	 is	an	 impressive	amount	of	scientific	 information	on	
MPB,	 and	 it	 has	 been	 established	 that	 active	 dispersal	 processes	
at	 large	 and	 small	 spatial	 scales	 play	 a	 central	 role	 in	 population	
outbreak	dynamics	(Logan,	White,	Bentz,	&	Powell,	1998;	Powell	&	
Bentz,	2014).

Unlike	 many	 phytophagous	 insects,	 successful	 MPB	 reproduc-
tion	usually	results	in	death	of	all	or	part	of	the	host.	Host	trees	have	
evolved	varying	chemical	and	resin	responses	that	reduce	vulnerabil-
ity	to	attack	by	bark	beetles	and	their	fungal	and	bacterial	associates	
(Boone	et	al.,	2013;	Kane	&	Kolb,	2010;	Raffa,	Powell,	&	Townsend,	
2012).	Vigorous,	well-defended	trees	require	rapid	attack	and	coloni-
zation	by	a	large	number	of	beetles	(i.e.	a	mass	attack)	to	outpace	tree	
responses	(Berryman,	Dennis,	Raffa,	&	Stenseth,	1985),	 leading	to	a	
strong	Allee	effect	for	the	beetles.	Conversely,	trees	stressed	by	biotic	
and	abiotic	agents	have	a	 reduced	capacity	 for	defence	and	can	be	
overcome	by	low	numbers	of	beetles	(Raffa,	Aukema,	Erbilgin,	Klepzig,	
&	Wallin,	2005;	Safranyik	&	Carroll,	2006).	The	better	defended,	more	
vigorous	 trees	 tend	 to	be	 larger	 and	have	higher	nutritional	 quality	
thereby	 leading	 to	a	positive	 feedback	as	beetle	population	density	
increases	 (Boone,	Aukema,	Bohlmann,	Carroll,	&	Raffa,	 2011;	Raffa	
et	al.,	2008).

Epidemic	MPB	population	dynamics	are	well-described	by	phenol-
ogy,	host-dependent	dispersal	and	the	Allee	effect	 (Powell	&	Bentz,	
2009,	2014).	Beetles	emerge	daily	from	previously	infested	hosts	and	
disperse	 with	 motility	 decreasing	 exponentially	 with	 host	 density.	
Where	 the	 dispersed	 population	 exceeds	 the	 Allee	 threshold	 new	
hosts	 are	 successfully	 colonized.	 Powell	 and	 Bentz	 (2014)	 showed	
that	this	combination	of	mechanisms	describes	85%	of	the	observed	
spatial	pattern	of	beetle-killed	trees	on	kilometre	scales.	Interestingly,	
where	the	Powell	and	Bentz	(2014)	model	missed	predicting	observed	
impacts	(approximately	8%	of	the	landscape),	the	type	of	impact	was	
small,	isolated	spots.	These	spots	represent	a	trivial	portion	of	a	given	
year's	MPB	footprint	during	an	epidemic,	but	the	evolving	pattern	in	
subsequent	years	depends	strongly	on	the	density	and	spatial	location	
of	spots	across	the	landscape.

Regardless	 of	 whether	 satellite	 spots	 are	 caused	 by	 beetles	
dispersing	from	the	main	body	of	an	outbreak,	spot	 initiation	and	
growth	depends	on	MPB	movement,	conditioned	by	host	tree	avail-
ability	and	size,	MPB	population	size,	weather	and	behaviour-mod-
ifying	 chemicals	 (Mitchell	 &	 Preisler,	 1991;	 Safranyik,	 Linton,	
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Silversides,	&	McMullen,	1992).	Host	kairomones	play	a	significant	
role	by	signalling	trees	that	are	under	stress	caused	by	biotic	and	
abiotic	factors	(Chapman,	Veblen,	&	Schoennagel,	2012;	Goheen	&	
Hansen,	1993).	At	lower	beetle	densities,	after	a	weakened	tree	is	
found,	 aggregation	 is	 facilitated	by	pheromones,	which	 through	a	
synergistic	 reaction	with	 host	 defensive	 compounds	 attract	 addi-
tional	beetles	(Raffa	et	al.,	2005),	resulting	in	mass	attacks	on	a	sin-
gle	tree.	Following	aggregation	to	one	or	several	weakened	trees,	
the	number	of	adult	beetles	necessary	to	overcome	the	Allee	effect	
on	more	vigorously	defended	host	trees	become	available	and	at-
tacking	beetles	switch	to	nearby	trees,	creating	a	spot	with	one	to	
several	killed	hosts.	We	hypothesize	that	spot	creation	is	not	indis-
criminate,	but	instead	that	the	spatial	distribution	of	MPB	spots	are	
the	result	of	dispersers	leaving	the	perimeter	of	previously	affected	
areas,	spreading	differentially	due	to	host-dependent	motility	and	
	aggregating	 locally	to	mass	attack	trees.	Furthermore,	we	suggest	
that	 the	spatial	distribution	of	spots	 reflects	 landscape	resistance	
to	beetle	movement.

MPB	 are	 not	 likely	 to	 disperse	 to	 distant	 focus	 trees	 if	 accept-
able	hosts	are	encountered	first.	Powell	and	Bentz	(2014)	calibrated	
a	model	of	MPB	movement	based	on	host	tree	density-derived	bee-
tle	motility	wherein	 resistance	 to	 beetle	movement	 increases	 expo-
nentially	 with	 host	 tree	 density.	 Assuming	 that	 potential	 spot	 foci	
are	randomly	distributed	per	capita	among	hosts,	we	argue	that	 the	
distribution	of	spots	should	follow	a	power-law	distribution	in	travel	
time	 along	 landscape	 paths	 of	 least	 resistance	 from	beetle	 sources.	
The	power	law,	in	which	spatial	probability	of	spot	occurrence	is	pro-
portional	to	a	negative	power	of	travel	time,	arises	because	increasing	
encounter	 rates	 for	weakened	 focal	 trees	 correlate	with	 decreasing	
motility	as	host	densities	increase.	Moreover,	because	the	perimeter	
of	previously	infested	areas	would	be	the	primary	source	of	dispersers,	
we	hypothesize	that	the	yearly	number	of	new	spots	should	scale	with	
perimeter	size.

We	test	 these	hypotheses	using	aerial	 surveys	of	MPB-caused	
tree	mortality	 and	 host	 tree	 density	 data	 for	 three	 study	 areas	 in	
Idaho,	 Washington	 and	 Colorado.	 Annual	 occurrence	 of	 isolated	
spots	were	 identified	 and	 travel	 time	 between	 each	 spot	 and	 the	
nearest	 contiguous	 area	 of	MPB-killed	 trees	 that	 could	 provide	 a	
beetle	source	was	 recorded.	The	distribution	of	observed	spots	 in	
travel	time	was	determined,	and	the	number	of	spots	compared	with	
the	perimeter	size	of	previously	infested	areas.	An	alternate	hypoth-
esis,	that	spots	occur	as	random	eruptions	of	an	endemic	beetle	pop-
ulation,	was	also	examined.	The	observed	number	of	spots	each	year	
were	seeded	spatially	at	random	and	tested	for	possible	power-law	
behaviour.	We	 found	 that	 the	power-law	hypothesis	was	 strongly	
supported	across	many	years	of	observations,	while	 random	erup-
tion	was	highly	improbable.	Yearly	spot	numbers	scale	with	a	rough	
measure	 of	 the	 size	 of	 the	 perimeter	 of	 previous	 infested	 areas,	
supporting	the	contention	that	beetles	disperse	from	the	edges	of	
major	 infestations	 to	 invade	 new	 areas	via	 spots.	Accelerating	 in-
vasion	rates	are	one	consequence	of	power-law	dispersal,	which	is	
consistent	with	observations	of	MPB's	explosive	spread	in	western	
North	America.

2  | MATERIALS AND METHODS

2.1 | Study areas

2.1.1 | Sawtooth study area

The	Sawtooth	study	area	 in	central	 Idaho	 (Figure	1)	 is	a	 rectangular	
region	 from	approximately	44◦22′N	 to	43◦44′N	 (∼60	km)	 and	115◦

10′W	to	114◦28′W	(∼30	km),	comprising	over	180,000	ha,	including	
the	Sawtooth	National	Recreation	Area.	A	single	host,	lodgepole	pine,	
predominates	from	1,650	to	2,000	m	and	grows	in	stands	with	rela-
tively	homogeneous	demographics	at	the	lowest	elevations.	The	land-
scape	 is	 characterized	by	 a	 valley	 and	 surrounding	mountains,	with	
elevations	from	1,650	to	3,600	m.	Vegetation	types	range	from	shrub	
and	grasslands	to	coniferous	forests	with	lodgepole	pine,	Douglas	fir	
(Pseudotsuga menziesii	 (Mirb.)	 Franco),	 subalpine	 fir	 (Abies lasiocarpa 
[Hook.]	Nutt),	and	whitebark	pine	(P. albicaulis	Engelm.)	at	higher	al-
titudes.	Densities	of	pine	average	450	trees/ha,	although	the	valley	
includes	many	dense	stands	of	1,000	trees/ha	as	well	as	meadows	and	
pasture	land	with	no	hosts.	Extensive	barren	areas	exist	above	tree-
line	at	the	highest	elevations.	Between	1995	and	2005,	a	MPB	out-
break	occurred	throughout	the	Sawtooth	study	area,	impacting	more	
than	a	third	of	the	pine	host	type	(Pfeifer,	Hicke,	&	Meddens,	2011).

2.1.2 | Chelan study area

The	Chelan	study	area	in	northern	Washington	(Figure	1)	encompasses	
446,000	ha,	 from	approximately	47◦56′N	 to	48◦35′N	and	 from	119◦

F IGURE  1  	Study	areas	used	in	this	paper.	All	study	areas	had	at	
least	10	years	of	continuous	aerial	detection	survey	for	mountain	pine	
beetle	impact.	An	outbreak	occurred	between	1995	and	2005	in	the	
Sawtooth	and	between	2001	and	2010	in	Colorado.	In	the	Chelan	
study	area,	multi-modal	impact	occurred	over	20	years,	peaking	in	2008
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52′W	 to	120◦44′W.	Elevations	 range	 from	336	m	at	 Lake	Chelan	 to	
peaks	 at	 2,700	m.	 The	 study	 area	 is	 comprised	of	 public	 and	private	
lands,	 including	 portions	 of	 the	 Methow	 Valley	 and	 Chelan	 Ranger	
Districts,	Okanagan-Wenatchee	National	 Forest	 and	North	Cascades	
National	 Park.	 The	Methow	River	 drainage	 characterizes	 the	 eastern	
half	 of	 the	 study	 area.	 Coniferous	 vegetation	 within	 the	 study	 area	
include	ponderosa	pine	(P. ponderosa),	lodgepole	pine,	whitebark	pine,	
Englemann	spruce	(Picea englemannii	Parry)	and	Douglas	fir,	with	host	
pine	trees	averaging	500	trees/ha.	The	Chelan	study	area	boundary	was	
chosen	to	encompass	pine	vegetation	susceptible	to	MPB	 infestation	
and	active	MPB	patches	based	on	ground	surveys.	MPB	impact	began	
in	the	late	1990s	and	peaked	in	2008	(Crabb,	Powell,	&	Bentz,	2012).

2.1.3 | Colorado study area

The	 Colorado	 study	 area	 contains	 over	 4,380,000	ha	 in	 northern	
Colorado,	 including	 Rocky	 Mountain	 National	 Park,	 North	 Park	 and	
several	of	Colorado's	highest	peaks	 (Figure	1).	 Elevations	 range	 from	
1,700	m	on	 the	Front	Range	west	of	Fort	Collins	 to	over	4,300	m	at	
Longs	Peak.	The	study	area	begins	roughly	at	Interstate	70	in	the	south	
and	 reaches	 in	 the	 north	 to	 approximately	 41◦50′N	 (into	 southern	
Wyoming),	in	the	east	to	105◦0′W,	and	in	the	west	to	108◦0′W,	encom-
passing	 portions	 of	 the	Medicine	Bow-Routt	 and	Arapaho-Roosevelt	
National	Forests.	The	southern	boundary	along	the	route	of	I-70	was	
chosen	 as	 a	 natural	 break	 in	MPB	 impacts,	 and	western	 boundaries	
were	 chosen	 to	 encompass	 impacted	 regions	 as	 far	 to	 the	 west	 as	
Glenwood	Springs.	Conifers	include	lodgepole	and	limber	pines	(P. flexi-
lis),	Engelmann	spruce,	subalpine	fir	and	Douglas	fir,	and	average	pine	
host	densities	are	780	trees/ha	across	the	area.	Significant	MPB	impact	
began	in	the	early	2000s	and	peaked	in	2007	(Crabb	et	al.,	2012).

2.2 | Data sources

2.2.1 | Pine density data

Spatially	explicit	datasets	of	pine	density	at	30-m	resolution	were	de-
rived	for	the	study	areas	using	existing	geospatial	datasets	of	vegeta-
tion	composition	and	structure.	Briefly,	for	the	Sawtooth	and	Colorado	
study	areas	forest	density	(trees	per	hectare	>2.54	cm	DBH)	at	250-m	
resolution,	developed	by	the	USDA	Forest	Service	FIA	(Blackard	et	al.,	
2008),	were	downscaled	to	30-m	resolution	using	data	from	the	inter-
agency	 Landscape	 Fire	 and	 Resource	 Management	 Planning	 Tools	
Project	(LANDFIRE).	Data	from	the	GNNFire	project	(LEMMA,	2005;	
Pierce,	Ohmann,	Wimberly,	Gregory,	&	Fried,	2009)	were	used	to	de-
rive	pine	density	matrices	of	potential	pine	hosts	for	the	Chelan	study	
area	at	30-m	resolutions.	Methods	for	all	study	areas	are	described	in	
detail	by	Crabb	et	al.	(2012).

2.2.2 | Aerial detection survey data

Geo-referenced	 data	 describing	 the	 annual	 number	 of	 MPB-killed	
trees	were	obtained	for	all	three	study	areas	beginning	in	1991	for	the	
Sawtooth,	 1980	 for	Chelan	 and	2001	 for	northern	Colorado	 (USDA	

Forest	 Service,	 http://www.foresthealth.info/portal).	 The	 aerial	 de-
tection	surveys	(ADS)	are	conducted	in	fixed-wing	aircraft	by	trained	
observers	who	manually	record	numbers	of	killed	trees	based	on	the	
colour	of	tree	foliage	(Halsey,	1998).	Foliage	of	dead,	beetle-killed	trees	
changes	from	green	to	red	within	a	single	year,	and	in	subsequent	years	
the	foliage	turns	grey	and	needles	are	lost.	ADS	datasets	include	poly-
gon	shapefiles	with	metadata	describing	the	estimated	number	of	trees	
per	acre	affected	and	a	code	for	the	damage	causal	agent(s).	Polygons	
depicting	MPB	impact	were	queried	using	their	unique	code.	Rasters	
of	total	MPB	impact	by	year	were	created	by	summing	MPB	impacts	
across	all	pine	host	types	for	each	polygon	then	converting	to	30-m	
rasters.	For	purposes	of	 this	 study,	 rasters	were	converted	 to	either	
one	or	zero	to	indicate	whether	or	not	MPB	infestation	was	observed	
in	a	pixel	on	a	given	year.	Rasters	were	kept	in	the	coordinate	system	
of	the	ADS	shapefiles,	North	American	Datum	1983	Albers,	and	other	
geospatial	raster	data	used	in	this	study	were	converted	to	this	projec-
tion	at	30-m	resolution	using	ArcGIS	9.3	software	(ESRI,	2008).

2.2.3 | Diagnosing isolated spots

We	 defined	 a	 spot	 as	 a	 single	 30-m	 pixel	 with	MPB	 impact,	 sur-
rounded	by	pixels	with	no	 impact.	Let	ADSn

i,j
	 indicate	the	presence	

(1)	or	absence	(0)	of	MPB	impact	in	a	pixel	in	row	i, column j	of	the	
ADS	raster	for	year	n.	To	determine	the	location	of	a	potential	iso-
lated	spot,	we	applied	a	discrete	second	derivative	test,	recording	all	
positions	below	50%	of	the	maximum	second	derivative	for	the	year,

where Δx	 is	 the	pixel	width	 (30	m).	The	minus	sign	 is	used	because	
spots	are	local	maxima	with	large	negative	concavity.	Each	potential	
spot	was	then	screened	to	test	whether	the	eight	surrounding	pixels	
were	 impact-free	 (guaranteeing	 it	 to	 be	 separated	 from	 contiguous	
regions	of	 impact).	The	 list	of	verified	spot	 locations	 in	a	year	were	
recorded	for	further	analysis.

2.3 | Determining travel times to spots from 
previously infested areas

2.3.1 | Resistance to movement, motility and pixel 
residence time

The	ecological	diffusion	model	(Turchin,	1998)	describes	the	popula-
tion-level	 distribution,	P(x,y,t),	 that	 emerges	 from	 individual	 random	
walks	with	movement	probabilities	based	on	local	habitat	information:

(Okubo	&	Levin,	2001;	Patlak,	1953).	The	individual	movement	prob-
ability	at	 any	point	 in	 space	 is	proportional	 to	 the	 “motility”	 at	 that	
point,	μ(x,y),	resulting	in	variable	patch	residence	times	which	are	in-
versely	 proportional	 to	 μ.	 In	 a	 homogeneous	 environment,	 motility	
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is	the	same	as	the	diffusion	constant	and	has	units	of	area	per	time.	
In	 variable	 environments,	 ecological	 diffusion	 is	 very	different	 from	
standard	(“Fickian”)	diffusion,	in	which	the	diffusion	constant	is	inter-
mingled	with	derivatives	

(
e.g. ∂

∂x
(D(x) ∂

P

∂x

)
	 in	one	dimension).	 In	eco-

logical	diffusion,	all	spatial	derivatives	apply	to	the	product	of	motility	
and	population	density	(μ(x, y)P),	supporting	“weak”	solutions	with	dis-
continuities	where	habitat	types	change	and	long-term	solutions	with	
densities	 inversely	proportional	 to	motility	 leading	to	aggregation	 in	
favourable	(high	residence	time)	habitat.	Intuitively,	the	mathematical	
justification	for	ecological	diffusion	 is	 that	 the	diffusion	process	ap-
plies	only	to	those	individuals	choosing	to	leave	a	patch	(the	number	
of	which	is	proportional	to	μP,	the	product	of	movement	probability	
and	the	density	available	to	depart).	Thus,	the	Laplacian,	 ∂

2

∂x2
+ ∂

2

∂y2
,	ap-

plies	only	 to	 the	moving	population,	μP.	More	mathematical	 details	
about	the	differences	between	ecological	and	Fickian	diffusion,	and	
the	consequences	for	large-scale	population	movement,	can	be	found	
in	Garlick,	Powell,	Hooten,	and	McFarlane	(2011).

Motility	in	a	patch	is	inversely	related	to	mean	residence	times	for	
individuals	 in	 the	patch	 (Turchin,	1998);	 in	a	pixel	with	area	Δx2	 the	
expected	residence	time	of	individuals	is

For	MPB,	Powell	and	Bentz	(2014)	showed	that	beetle	populations	
have	motility	following	a	negative	exponential	with	host	density,

where	 Si,j	 is	 the	 density	 of	 hosts	 in	 pixel	 i,j,	 scaled	 in	 thousands	 of	
hosts	per	hectare,	μ0	 is	 the	maximum	motility	 (3.79	km

2/day)	 in	 the	
absence	of	hosts,	and	μ1 = −10.9	 is	 the	relative	rate	of	motility	de-
cline	 with	 host	 density.	 This	 model	 for	 motility	 reflects	 the	 time	
spent	 by	 beetles	 searching	 an	 increasingly	 complex	 environment	
for	 chemical	 plumes	 and	 potentially	 susceptible	 hosts.	 The	 param-
eter	 μ̂1 =

μ1+ln (μ0)

1000
= 1.3472×10−3	 is	 introduced	 for	 convenience.	

Converting	 to	minutes	during	a	10-hr	 flight	day,	 this	model	 gives	 a	
mean	residence	time	of	64	min	in	a	30-m	pixel	containing	a	density	of	
500	hosts/ha.	Residence	time	in	a	pixel	with	no	trees	is	8.5	s	(corre-
sponding	to	an	average	speed	of	3.5	m/s	for	MPB	crossing	unforested	
pixels).	This	variability	 in	residence	times	causes	beetles	to	disperse	
rapidly	 through	 areas	 with	 few	 hosts	 and	 aggregate	 in	 areas	 with	
higher	host	density.

2.3.2 | Minimum travel time for attacking MPB

If	 a	 beetle	 follows	 a	 path	 passing	 through	K	 pixels,	{(ik, jk)}Kk=1,	 the	
	expected	travel	time	is

Paths	followed	by	beetles	when	participating	in	a	spot	attack	cannot	
be	known	a	priori.	However,	beetles	are	more	likely	to	be	successful	
at	overcoming	host	defences	in	locations	where	travel	times	to	beetle	

sources	are	 shorter.	We	 therefore	hypothesize	 that	observed	spots	
will	be	structured	according	to	minimal	travel	times	from	the	nearest	
beetle	sources.

The	minimum	travel	time	to	a	point	in	a	landscape,	T,	satisfies	the	
eikonal	equation,

which	connects	minimum	travel	times	(T)	and	residence	times	through	
the	 gradient	 vector,	 (Tx,Ty) = ∇T	 (subscripts	 indicate	 partial	 deriva-
tives).	In	Equation	(1),	the	temporal	cost	of	movement	from	one	pixel	
to	the	next	 (i.e.	 the	rate	of	change	of	travel	 time)	 is	proportional	 to	
how	long	beetles	spend	in	the	space	between	(i.e.	the	residence	time).	
The	eikonal	equation	 is	difficult	 to	solve	analytically,	but	can	be	ef-
ficiently	 solved	 numerically	 using	 the	 fast	 sweeping	method	 (Zhao,	
2004).	 This	 approach	 iterates	 to	 a	 solution	 in	 a	 pixel	 by	 examining	
neighbours	to	determine	which	has	the	lowest	travel	time,	then	up-
dating	projected	 travel	 time	by	adding	 the	current	pixel's	 residence	
time	to	the	minimum	among	nearest	neighbours.

Because	beetles	come	from	trees	infested	in	the	previous	year	we	
use	ADS	data	in	year	n	−	1	to	set	Ti,j = 0	 in	pixels	with	source	popu-
lations	of	beetles.	The	fast	sweeping	method	then	generates	minimal	
travel	times	from	the	perimeter	of	observed	ADS	impact	 in	the	pre-
vious	year	to	all	other	points	on	the	landscape,	conditioned	by	inter-
vening	host	density	which	alters	motility	in	pixels	between	spots	and	
the	nearest	sources	(1).	In	every	year,	the	travel	time	map	is	different	
because	the	location	of	source	populations	changes.	Figure	2	depicts	
projected	 travel	 times	 for	 a	 portion	of	 the	 Sawtooth	 study	 area	 for	
2001.

Observed	 travel	 times	 at	 spot	 locations	 were	 recorded	 yearly,	
using	 that	 year's	 spatial	 pattern	 of	 travel	 times	 resulting	 from	 host	
densities	and	ADS	impact	from	the	previous	year.	Across	all	years	in	
each	study	area	(8	in	the	Sawtooth,	10	in	Colorado	and	20	in	Chelan),	
a	histogram	of	observed	travel	time	to	spots	was	created.	The	number	
of	bins	was	chosen	so	that	the	bin	corresponding	to	the	largest	travel	
times	held	at	 least	one	percent	of	the	total	number	of	observations.	
The	bin	containing	zero	travel	time	was	ignored	(as	a	peculiarity	of	the	
ADS	data	is	that	isolated	spots	are	sometimes	observed	inside	poly-
gons	 indicating	contiguous	 impact	 in	the	previous	year,	see	Figure	2	
for	an	example).	In	each	case,	a	power-law	curve	was	fit	to	the	binned	
observations	 using	 nonlinear	maximum	 likelihood	 on	 the	 arithmetic	
scale	and		assuming	normal	distribution	of	errors.

2.4 | Predicted distribution of spots

We	 assume	 that	 spots	where	 beetles	 have	 overcome	 the	Allee	 ef-
fect	 are	 most	 likely	 at	 foci	 located	 with	 minimal	 travel	 time	 from	
source	populations.	Consider	a	beetle	path	passing	through	K	pixels,	
{(ik, jk)}

K

k=1
.	If	potential	foci	are	randomly	distributed	among	hosts,	the	

probability	of	passing	through	pixel	k and not	encountering	a	weak-
ened	focus	tree	is	exp [−αΔx2Sik ,jk ],	where	α	is	the	per	capita	encoun-
ter	rate	for	weakened	trees.	The	probability	of	passing	pixel	K	on	the	
path	is	therefore

ΔT =
Δx2

μ
.

(1)μ = μ0 exp

[

−
(
μ1+ ln (μ0)

) Si,j

1,000

]

= μ0 exp
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]
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Minimizing	travel	time	to	the	final	pixel	requires	that	the	path	encoun-
ter	as	few	hosts	as	possible	to	reduce	time	 in	 intervening	pixels,	so	
Sik ,jk ≪SiK ,jK	on	paths	that	end	in	isolated	spots.	The	probability	of	pass-
ing	pixel	K	becomes

because	exp (−αΔx2Sik ,jk )≈1	 for	 the	earlier,	 low-density	pixels	along	
the	path.	Actual	travel	time	along	the	path	will	be	dominated	by	the	
contribution	of	the	final,	most	densely	stocked	pixel,	giving	an	approx-
imate	travel	time	to	pixel	K	of

We	can	now	find	 the	cumulative	density	 function	 (CDF)	 for	T≤TK, 
using	(4),

Equation	(5)	can	be	rearranged	to	express	density	in	the	final	pixel	
as	a	function	of	TK,

and	now	the	CDF,	(6),	can	be	written	in	terms	of	TK alone,

The	probability	density	function,	p(T),	 for	travel	times	to	spots	 is	
proportional	to	the	derivative	of	(7),

giving	a	power	law	in	minimal	travel	time.

2.5 | Relating spot numbers and perimeter of 
previously impacted areas

If	active	spot	formation	is	a	mode	of	dispersal	that	allows	MPB	to	invade	
new	areas,	one	would	expect	the	number	of	new	spots	formed	each	year	to	
scale	roughly	with	the	perimeter	of	the	infested	area	in	the	previous	year,	
as	the	perimeter	is	the	primary	source	of	dispersers.	However,	the	shapes	
of	 contiguously	 impacted	 regions	 are	 spatially	 complex,	 making	 direct	
measurement	of	the	total	perimeter	length	untenable.	Instead,	we	adopt	
the	approach	of	Shigesada	and	Kawasaki	(1997),	who	used	square	root	of	
impacted	area	as	a	surrogate	for	perimeter.	In	each	year,	the	total	impacted	
area	was	calculated	by	summing	all	pixels	with	ADS	impact	and	subtracting	
the	number	of	new	spots	for	that	year	(as	each	spot	has	been	filtered	to	
impact	only	a	single	pixel).	The	number	of	spots	in	year	n	was	then	fit	to	the	
square	root	of	impacted	area	in	year	n	−	1	using	linear	regression.

2.6 | An alternative: Random spot formation

To	test	an	alternative	hypothesis	that	spots	form	randomly	in	space,	
we	generated	artificial	datasets	of	isolated	spots.	For	each	year	and	in	
each	study	area,	random	indices	were	chosen	from	discrete	uniform	
distributions	with	the	only	restriction	being	that	a	“spot”	location	must	
appear	in	an	area	with	host	cover	type.	Random	locations	were	gener-
ated	until	the	number	of	“spots”	was	equal	to	the	number	of	observed	
spots	 in	that	year	for	that	study	area.	The	random	spot	distribution	
was	fit	to	a	power-law	using	nonlinear	regression,	and	the	predicted	
cumulative	distribution	calculated	directly	by	analytic	integration	from	
the	smallest	travel	time:

where	1+α̂	 is	 the	 (negative)	 fitted	 exponent	 and	 the	 coefficient	
in	 front	 of	 the	 integral	 normalizes	 the	 distribution.	 To	 test	 the	

P(k>K)=

K∏

k=1

e−αΔx
2Sik ,jk

(4)P(k>K)=

K∏

k=1

e−αΔx
2Sik ,jk ≈e

−αΔx2Si
K
,j
K

(5)TK≈
Δx2

μ0
e
μ̂1Si

K
,j
K

(6)P
(
T≤TK

)
=1−P(k>K)≈1−e

−αΔx2Si
K
,j
K

e
Si
K
,j
K ≈

[
μ0

Δx2
TK

] 1

μ̂1

(7)P
(
T≤TK

)
≈1−

[
μ0

Δx2
TK

]− αΔx2

μ̂1

(8)p(T)∝T
−

(

1+
αΔx2

μ̂1

)

,

F(T)=α̂Tmin
∫

T

Tmin

t−(1+α̂) dt=1−
Tα̂
min

Tα̂
,

F IGURE  2  	Travel	time	(in	minutes,	see	
colour	bar	to	right)	from	beetle	sources	
(boundaries	indicated	by	solid	contours)	
to	other	locations	in	a	10	×	15	km	portion	
of	the	Sawtooth	study	area,	2001.	New	
spots	identified	in	the	annual	ADS	appear	
as	circles.	Occasionally	spots	are	observed	
in	previously	impacted	area,	as	indicated	
by	circles	inside	of	solid	contours	[Colour	
figure	can	be	viewed	at	wileyonlinelibrary.
com]
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hypothesis	that	the	data	were	actually	generated	by	a	power-law	dis-
tribution	“spots”	were	binned	according	to	travel	time	from	previous	
year's	 impacted	area	and	goodness	of	 fit	 tested	using	Cramér-von	
Mises’	 A2	 (as	 recommended	 by	 Choulakian,	 Lockhart,	 &	 Stephens,	
1994).	 The	 statistic	 tests	 the	 correspondence	 between	 observed	
and	predicted	 cumulative	 distributions,	 and	 is	 defined	 for	 discrete	
observations:

where	N	is	the	number	of	spots,	k	is	the	number	of	bins,	and	if	ej and 
oj	are	the	number	of	expected	and	observed	spots	in	bin	j,	then	pj=

ej

N
 

and

(Choulakian	et	al.,	1994).	Calculated	A2	were	compared	with	tabulated	
critical	 values,	A2

crit
,	 using	degrees	of	 freedom	corresponding	 to	 the	

number	of	bins	 (k)	 +	number	 fitted	parameters	 (2)	−1	 to	determine	
whether	the	null	hypothesis	(random	spots	follow	a	power-law	distri-
bution)	can	be	rejected	with	90%	confidence.

3  | RESULTS

3.1 | Spot distributions and relation to perimeter size 
of previous year infestations

In	 the	 Sawtooth	 study	 area,	 nonlinear	 regression	 gave	 an	 expo-
nent	of	−2.398	and	r2 = .990	(Figure	3).	The	predicted	exponent	is	
1+

αΔx2

μ̂1
,	indicating	αΔx2 = 0.0102,	or	10.2	potential	focus	trees	per	

1,000	trees.	In	Chelan,	the	predicted	exponent	was	lower,	−1.215,	
fitted	with	r2 = .998	(Figure	4).	This	lower	exponent	indicates	that	
the	per-capita	rate	of	focus	tree	encounter	was	αΔx2 = 0.00158, or 
1.58	focus	trees	per	1,000	trees.	Results	from	Colorado	were	close	
to	the	Chelan	results,	with	αΔx2 = 0.00201 and r2 = .985	(Figure	5).	
Viewed	 in	 terms	 of	 focus	 trees	 per	 hectare,	 using	 average	 host	
densities	to	convert	encounter	rates	to	potential	focus	tree	densi-
ties,	 rates	 varied	 from	 0.79	 trees/ha	 in	 Chelan	 to	 1.56	 trees/ha	
in	Colorado	and	up	to	4.59	trees/ha	 in	 the	Sawtooth	study	area.	
These	spot	 initiation	rates	compare	favourably	with	the	observa-
tions	of	Carroll	 et	al.	 (2006)	 in	British	Columbia.	On	seven	study	
plots,	these	authors	observed	isolated	mass	attacks	of	MPB	corre-
sponding	to	incipient	epidemics	in	2000–2004	and	reported	spot	
densities	 varying	 from	 a	 low	 of	 .403	 trees/ha	 to	 a	 high	 of	 4.04	
trees/ha	with	a	mean	of	1.78	trees/ha.

The	number	of	spots	formed	in	a	year	is	expected	to	increase	with	
the	 perimeter	 of	 area	 impacted	 in	 the	 previous	year,	 and	 perimeter	
scales	with	the	square	root	of	impacted	area,	provided	the	shape	of	the	
impacted	areas	is	not	too	complex.	Following	Shigesada	and	Kawasaki	
(1997),	we	fit	the	number	of	spots	observed	in	year	n, Nn,	to	the	square	
root	 of	 the	 previous	 year's	 impacted	 area,	 An−1 = Σi,jADS

n−1

i,j
,	 using	

simple	 regression.	 Regression	 coefficients	were	 consistent,	 although	
goodness	of	fit	varied:

A2=
1
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Z2
j
pj

Hj(1−Hj)
,
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F IGURE  3  	Distribution	of	predicted	
travel	times	(minutes)	to	observed	spots	
in	the	Sawtooth	study	area	between	
1997	and	2003.	Travel	times	to	observed	
spots	were	placed	in	20	bins;	the	bin	
containing	zero	was	not	included.	Best	
maximum	likelihood	fit	of	a	power	law	
to	the	histogram	is	depicted	in	as	a	solid	
line;	linearity	of	the	data	and	the	fitted	
curve	are	depicted	on	log–log	scale	in	the	
inset.	The	fitted	curve	describes	99.0%	
of	the	variability	in	the	data	according	
to	r2	[Colour	figure	can	be	viewed	at	
wileyonlinelibrary.com]
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The	fitted	curves	are	displayed	in	terms	of	impacted	area	and	year	
of	impact	in	Figures	6–8.	As	expected,	the	number	of	spots	increases	
with	 the	 size	of	 the	main	 infestation	 and	 in	 particular	with	 a	 rough	
measure	of	infestation	perimeter,	with	between	75	and	83	spots	gen-
erated	per	kilometre	of	perimeter.	This	supports	the	idea	that	beetles	
creating	isolated	spots	travel	from	the	perimeter	of	major	infestations	
in	the	surrounding	landscape.

3.2 | Random seeding of spots

To	 illustrate	 the	 differences	 between	 random	 formation	 of	 spots	
and	 the	 power-law	 distribution	 of	 spots,	we	 seeded	 forested	 areas	
with	artificial	“spots”	whose	locations	were	selected	from	a	uniform	

distribution	over	 areas	with	host	 cover	 type.	 In	 each	 study	 area,	 in	
each	 year	 as	 many	 random	 “spots”	 were	 generated	 as	 were	 actu-
ally	 observed	 in	 that	 year,	 and	 the	 spot	 numbers	 binned	 according	
to	the	year's	travel	time	map	in	the	same	way	as	the	observed	spots	
(Figure	9).	The	Cramér-von	Mises	A2	statistic	was	calculated	for	each	
study	area.

F IGURE  4  	Distribution	of	predicted	
travel	times	(minutes)	to	observed	spots	in	
the	Chelan	study	area	between	1990	and	
2009.	Travel	times	to	observed	spots	were	
placed	in	22	bins;	the	bin	containing	zero	
was	not	included.	Best	maximum	likelihood	
fit	of	a	power	law	to	the	histogram	is	
depicted	as	a	solid	line;	linearity	of	the	
data	and	the	fitted	curve	are	depicted	on	
log–log	scale	in	the	inset.	The	fitted	curve	
describes	99.8%	of	the	variability	in	the	
data	according	to	r2	[Colour	figure	can	be	
viewed	at	wileyonlinelibrary.com]
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F IGURE  5  	Distribution	of	predicted	
travel	times	(minutes)	to	observed	spots	in	
the	Colorado	study	area	between	2002	and	
2010.	Travel	times	to	observed	spots	were	
placed	in	25	bins;	the	bin	containing	zero	
was	not	included.	Best	maximum	likelihood	
fit	of	a	power	law	to	the	histogram	is	
depicted	as	a	solid	line;	linearity	of	the	
data	and	the	fitted	curve	are	depicted	on	
log–log	scale	in	the	inset.	The	fitted	curve	
describes	98.5%	of	the	variability	in	the	
data	according	to	r2	[Colour	figure	can	be	
viewed	at	wileyonlinelibrary.com]
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F IGURE  6  	Observed	spots	in	the	Sawtooth	study	area	between	1996	and	2004	as	a	function	of	infested	area	perimeter.	In	(a)	observed	
spots	(*)	are	fitted	to	

√
Impacted Area;	fit	has	r2 = .939.	In	(b)	both	number	of	observed	spots	(*)	and	predicted	number	of	spots	(solid	line)	are	

plotted	as	a	function	of	year.	The	quality	of	the	fit	indicates	that	the	number	of	spots	is	predicted	by	the	perimeter	of	the	infested	area,	as	would	
be	expected	if	beetles	from	the	edge	of	the	infested	area	overcome	the	Allee	effect	by	active	dispersal	to	spots	[Colour	figure	can	be	viewed	at	
wileyonlinelibrary.com]
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F IGURE  7  	Observed	spots	in	the	Chelan	study	area	between	1990	and	2010	as	a	function	of	infested	area	perimeter.	In	(a)	observed	
spots	(*)	are	fitted	to	

√
Impacted Area;	fit	has	r2 = .327.	In	(b)	both	number	of	observed	spots	(*)	and	predicted	number	of	spots	(solid	line)	

are	plotted	as	a	function	of	year.	The	Chelan	series	of	infestations	occurred	in	several	geographically	separated	areas,	and	the	years	with	very	
low	spot	formation	correspond	to	the	collapse	of	a	sub-infestation	because	available	hosts	were	exhausted	[Colour	figure	can	be	viewed	at	
wileyonlinelibrary.com]
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In	 the	 cases	 of	 the	 Sawtooth	 and	 Colorado	 study	 areas,	
the	 hypothesis	 that	 the	 randomly	 generated	 “spots”	 followed	
a	 power-law	 distribution	 in	 travel	 time	 from	 previously	 im-
pacted	 areas	 could	 be	 rejected	 with	 a	 high	 degree	 of	 con-
fidence.	 In	 the	 Chelan	 study	 area,	 the	 pattern	 of	 spots	 was	
more	 random.	While	 it	 is	 not	 clear	why	 the	 Chelan	 data	 did	 not	
more	 closely	 adhere	 to	 the	 power-law	 prediction,	 we	 note	 that	
the	 area	 had	 substantially	 lower	 spot	 densities	 and	 stronger	 
spatial	structure	to	its	host	population.

4  | DISCUSSION

We	have	shown	that	a	strong	Allee	effect,	requiring	beetle	aggrega-
tion	to	overcome	host	pine	defences,	in	combination	with	landscape	
resistance,	 in	which	motility	decreases	exponentially	with	host	den-
sity,	leads	to	dispersive	spread	via	spots	under	a	power-law	distribu-
tion	of	travel	times	from	source	populations.	Low	densities	of	beetles,	
dispersing	 from	the	perimeter	of	previous	 infested	areas,	aggregate	
at	weakened	 focus	 trees	which	nucleate	 isolated	 spots.	The	 impact	
of	the	Allee	effect	 is	 that	aggregation	away	from	major	 infestations	
draws	down	the	dispersing	beetle	population	so	that	more	spots	are	
possible	at	locations	with	lower	travel	time,	with	algebraically	fewer	
spots	in	regions	with	higher	travel	time.	Aerial	surveys	of	annual	MPB	
infestation	in	Idaho,	Washington	and	Colorado	study	areas	were	ana-
lysed	and	found	to	conform	very	strongly	to	the	power-law	prediction	
(r2 ≥ .985).	The	alternate	hypothesis	that	spots	arise	spontaneously,	

was	not	supported	in	Idaho	and	Colorado,	however,	spontaneous	spot	
creation	could	not	be	ruled	out	in	the	Washington	(Chelan)	study	area.

Our	results	also	suggest	that	dispersing	beetles	 leave	the	perim-
eter	of	source	 infestations	 (as	measured	by	square	root	of	 impacted	
area),	although	this	was	 less	strongly	supported	(.327 ≤ r2≤ .939).	A	
low	correlation	was	potentially	due	to	the	poor	relationship	between	
the	 actual	 and	 estimated	 (square	 root	 of	 impacted	 area)	 perimeter	
size,	in	addition	to	the	fact	that	we	did	not	account	for	temperature- 
dependent	differential	MPB	productivity	among	years,	which	is	known	
to	have	a	substantial	 impact	on	population	growth	 (Powell	&	Bentz,	
2009).	Nevertheless,	the	number	of	spots	created	had	a	consistent	re-
lationship	to	previous	year	infestation	perimeter,	and	the	relationship	
was	strongest	in	the	smallest	(Sawtooth)	study	area,	where	the	spatial	
structure	of	MPB-caused	tree	mortality	was	geographically	simplest.	
In	 Colorado,	 the	 largest	 study	 area,	 hosts	 had	 a	 relatively	 homoge-
neous	distribution	but	mountainous	topography	broke	up	large	areas	
of	infestation,	weakening	the	relationship	between	perimeter	and	spot	
numbers.	In	the	Chelan	area,	where	the	relationship	was	only	margin-
ally	significant,	the	MPB	outbreak	was	dissected	into	three	areas	sepa-
rated	by	deep	river	valleys,	causing	asynchronous	and	separated	MPB	
activity.	Clear	 outliers	with	 low	numbers	of	 spots	occurred	 in	years	
when	the	intensity	of	MPB	activity	shifted	between	the	areas.	Large	
bodies	of	water,	deep	valleys	with	no	hosts	and	high-altitude	ridges	
may	have	obscured	the	power-law	process	of	spot	formation	through	
disruption	of	dispersal	and	strong	spatial	structuring	of	potential	hosts.

In	heterogeneous	environments,	the	power-law	theory	predicts	
that	 MPB	 spread	 preferentially	 along	 corridors	 of	 relatively	 high	

F IGURE  8  	Observed	spots	in	the	Colorado	study	area	between	2002	and	2010	as	a	function	of	infested	area	perimeter.	In	(a)	observed	
spots	(*)	are	fitted	to	

√
Impacted Area;	fit	has	r2 = .784.	In	(b)	both	number	of	observed	spots	(*)	and	predicted	number	of	spots	(solid	line)	

are	plotted	as	a	function	of	year.	The	Colorado	outbreak	spread	through	a	much	larger	area	,	but	number	of	spots	correlates	strongly	with	
perimeter,	indicating	that	beetles	from	the	edges	are	overcoming	Allee	effects	by	active	dispersal	to	spots	[Colour	figure	can	be	viewed	at	
wileyonlinelibrary.com]
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motility	habitat,	which	reduces	travel	time,	with	impact	occurring	at	
the	boundaries.	For	MPB,	this	includes	forest	edges	and	boundaries	
of	 areas	with	 low	host	 density.	Thinning	 is	 a	 control	 strategy	pre-
scribed	to	reduce	the	overall	number	of	hosts	and	encounter	rates	for	
weakened	hosts,	in	addition	to	increasing	host	vigour	(Fettig,	Gibson,	
Munson,	&	Negrón,	 2014;	Waring	&	Pitman,	 1985).	 Inconsistency	
in	 the	 spatial	 pattern	 of	 thinning,	 however,	 could	 produce	 move-
ment	corridors	with	few	hosts	thereby	resulting	in	accelerated	MPB	
spread	across	a	landscape.	On	the	other	hand,	directly	manipulating	
variation	 in	 host	 density	may	 be	 a	 strategy	 for	 control	 of	MPB.	 If	

patches	of	high	host	density	are	small	enough,	they	may	act	as	eco-
logical	traps	(Gilroy	&	Sutherland,	2007)	for	dispersing	beetles.	For	
example,	 in	 the	 related	 species	 southern	 pine	 beetle	 (D. frontalis),	
spot	 extinction	 risk	 increases	 dramatically	 as	 the	 number	 of	 hosts	
involved	decreases	(Friedenberg,	Powell,	&	Ayres,	2007;	Hedden	&	
Billings,	1979).

Indirect	control	measures	to	reduce	MPB	population	size	(e.g.	in-
secticides,	semiochemicals	and	removal	of	infested	hosts)	could	ben-
efit	 by	 considering	 that	MPB	 spread	may	 be	 fastest	 through	 areas	
of	 low	 host	 density	 including	 along	 meadows	 and	 other	 clearings.	

F IGURE  9  	Comparison	of	travel	time	histograms	for	observed	(solid	bars)	and	randomly	seeded	(open	bars)	spots	in	the	three	study	areas.	
The	same	number	of	random	spots	were	generated	yearly	as	were	observed,	with	random	spots	sampled	from	a	uniform	distribution	in	locations	
with	host	cover	type.	In	the	Sawtooth	(a)	and	Colorado	(c)	study	areas,	the	distributions	of	randomly	select	spots	are	multi-modal	and	clearly	
not	of	power-law	type.	In	Chelan	(b)	the	distribution	is	unimodal,	and	could	not	be	rejected	as	a	potential	power-law	distribution.	Spot	densities	
were	substantially	lower	in	Chelan	and	many	barriers	to	beetle	movement	were	present	(deep	valleys,	broad	bodies	of	water	and	high-altitude	
ridges),	potentially	obscuring	the	power	law	relationship
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Consequently,	 control	measures	 directed	 along	 boundaries	 of	mini-
mum	travel	time	corridors	are	 likely	to	have	disproportionately	 large	
rewards.	Using	the	power-law	model	and	estimates	of	host	tree	den-
sity,	travel	time	maps	for	MPB	spread	across	a	landscape	can	be	calcu-
lated,	helping	to	prioritize	treatment	application.

5  | CONCLUSIONS

The	 relationship	between	active	aggregation	 to	overcome	the	Allee	
effect	and	the	patchy	spread	of	populations	has	not	been	previously	
considered.	The	mechanisms	evaluated	here,	differential	dispersal	re-
flecting	landscape	resistance	to	movement	and	active	aggregation	to	
overcome	a	strong	Allee	effect	at	 low	population	densities,	are	rea-
sonably	general.	Exponential	representations	of	habitat	influence	on	
residence	times	are	the	most	frequent	model	for	landscape	resistance	
to	movement	(e.g.	Hanks	&	Hooten,	2013).	Any	Poisson	process	for	
encountering	 spot	 nucleation	 conditions	 will	 generate	 exponential	
failure	probabilities	 for	 stopping	 in	pixels.	As	discussed	 in	Newman	
(2005),	the	combination	of	such	exponential	effects	is	a	common	way	
for	power	laws	to	arise	in	nature.	We	have	shown	that	for	MPB	these	
exponential	 mechanisms	 do,	 in	 fact,	 combine	 to	 create	 power-law	
	distributions	of	observable	patchy	spread.

There	is	a	long	history	of	considering	the	consequences	of	Allee	
effects	 on	 the	 passive	 dispersal	 and	 spread	 of	 organisms	 (see	 re-
views	by	Liebhold	&	Tobin,	2008;	Taylor	&	Hastings,	2005).	Generally	
speaking,	 the	Allee	effect	 is	expected	to	slow	down	 invasions	 (Kot,	
Lewis,	&	den	Driessche,	 1996).	The	 inertia	 of	 a	 strong	Allee	 effect	
diminishes	spread	rates	because	small	populations	(below	threshold)	
cannot	establish	away	from	the	perimeter	and	“pull”	the	wave	of	inva-
sion;	source	populations	behind	the	perimeter	of	the	wave	of	invasion	
must	grow	sufficiently	to	“push”	out	enough	dispersers	to	overcome	
the	Allee	effect.	Put	more	mathematically,	the	Allee	effect	truncates	
the	passive	dispersal	 kernel	 so	 that	 even	 fat-tailed	 (including	pow-
er-law)	 kernels	 end	 up	 with	 finite	 moments,	 making	 the	 effective 
mean	dispersal	distance	much	smaller	than	the	kernel's	mean	disper-
sal	distance.	Thus,	with	passive	dispersal	Allee	effects	slow	or	stop	
the	 spread	 of	 invasives.	 Invasions	 that	would	 otherwise	 accelerate	
become	constant	speed	invasions	in	the	presence	of	the	Allee	effect	
(Wang,	Kot,	&	Neubert,	2002);	 in	heterogeneous	environments,	the	
Allee	effect	can	stop	invasions	through	“range	pinning”	(Keitt,	Lewis,	
&	Holt,	2001).

We	have	shown	that	active	dispersal	and	spot	 formation	due	to	
the	Allee	 effect	 result	 in	 power-law	 dispersal	 of	 propagules	 (spots)	
spreading	 from	the	perimeter	of	 invaded	areas.	This	 is	analogous	 to	
classic	examples	of	species	invasions	without	the	Allee	effect	(Andow,	
Kareiva,	Levin,	&	Okubo,	1990;	Shigesada	&	Kawasaki,	1997;	Skellam,	
1951),	and	we	therefore	propose	that	the	dispersed	spots	of	impact	
“pull”	the	wave	of	invasion.	As	low-exponent	power-law	kernels	may	
have	only	one	moment,	spread	rates	are	limited	only	by	the	number	of	
times	the	dispersal	pattern	is	sampled	(i.e.	75–83	times	per	kilometre	
of	ever-expanding	perimeter),	leading	to	accelerating	invasions	(Clark,	
Lewis,	 &	 Horvath,	 2001)	 in	 spite	 of	 an	 obvious	Allee	 effect.	 These	

mechanisms	could	have	contributed	to	the	recent	rapid	spread	of	MPB	
across	western	Canada	(de	la	Giroday,	Carroll,	&	Aukema,	2012).
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